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Abstract
In a previous paper we proposed a factorization principle for the correlation
functions of BMN (Berenstein-Maldacena-Nastase) operators in free N = 4
super-Yang-Mills theory. These correlators are conjectured to described phys-
ical string amplitudes in an infinitely curved Ramond-Ramond pp-wave back-
ground. There was a puzzle that the factorization seems to break down for
S-channel in the 2 → 2 scattering process. Here we resolve this puzzle by in-
cluding some diagrams missed in the previous paper. We also observe some
interesting relations which further support the interpretation of higher genus
correlators as physical string loop amplitudes.
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1 Introduction and Summary
In string theory realizations of particle physics models, we usually assume the string
length scale is very small, or the string energy scale is very high. The stringy excitation
modes are not observable in low energy, and the ground states of string mode give
rise to the various fundamental particles that we know.
However, if string theory is consistent at arbitrary energy scale, it is interesting to
also consider the opposite limit where the string length is very long. The motivation
is probably not for the purpose of constructing realistic particle physics model, but for
purely theoretical reasons, for example a deeper understanding of the still mysterious
AdS/CFT correspondence [19, 9, 22], which states that type IIB string theory on the
AdS5× S5 background is equivalent to the maximally supersymmetric SU(N) gauge
theory in 4 dimensions. A particularly interesting limit is the pp-wave geometry,
a Penrose limit zooming in the null geometry of the AdS5 × S5 spacetime. The
string excitation modes are described by the BMN (Berenstein-Maldacena-Nastase)
operators on the field theory side [3].
In our previous papers [13, 14] we studied the (higher genus) correlation functions
of BMN operators in free gauge theory. The field theory side of the correspondence is
easy. However, on the string theory side, this corresponds to an infinitely negatively
curved Ramond-Ramond pp-wave background, where strings are effectively infinitely
long and tensionless, and all stringy excitation modes have degenerate mass. Usually
the effective field theory approach breaks down in this scenario, and we can not say
much about the underlying physics. However, it seems somehow luckily the stringy
physics also becomes extremely simplified. We proposed that the string amplitudes
can be computed simply by cubic diagrams, and there is a so called “factorization”
principle relating the string diagram calculations and field theory calculations, in the
spirit of AdS/CFT correspondence. Here we do not have a Lagrangian description
on the string side because of the infinite string length. The nice situation arises,
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probably due to the fact that the spacetime is highly compressed by the infinite
curvature. Its structure becomes effectively that of a single point and is thus extremely
simple. The string diagrams have only cubic vertices, but no propagator between the
vertices, signaling string interactions occurring instantaneously without mediation in
an ambient spacetime. The general form of the factorization rule is
Si =
∑
j
mijFj, (1.1)
where Si and Fj denote string and field theory diagram contributions, and mij are
non-negative integers denoting the multiplicity of expanding the “short process” of
field theory diagrams into “long process” of string diagrams.
If our claim is valid, the higher genus correlation functions represent string loop
amplitudes in this simple background. We can straightforwardly compute higher
string loop amplitudes which are notoriously difficult. In flat space for critical string
theories most calculations have been restricted to less than two loops, see, e.g. [11].
We can compare with other special situations where higher genus string amplitudes
are computable. One case is the non-critical string theories dual to matrix models or
matrix quantum mechanics, intensely studied in early 1990’s, see, e.g. [8]. Another
case is topological string theory, where all genus partition function are computed for
certain class of non-compact Calabi-Yau manifolds, by e.g. the topological vertex
method [1]. For compact Calabi-Yau manifolds, one can compute the amplitudes to
very high but not all genera, e.g. in [16, 15]. In these special situations the physical
string degrees of freedom are rather simple, mostly “minimal” or topological in nature,
lacking the infinite stringy oscillator modes. Here although the spacetime structure
of the infinitely curved pp-wave background is extremely simple, we still have the rich
physical degrees of freedom of infinite stringy oscillator modes of conventional critical
string theory. In this case there is no apparent technical obstruction to compute
string amplitudes to any higher genus.
We think it is worthwhile to revisit the proposal in our previous papers [13, 14]
from time to time with fresh perspective, and to make incremental improvements
and corrections. Many interesting developments over the years seem to support the
physical significance of infinite curvature limit in AdS/CFT correspondence, and are
potentially relevant for further explorations of our work. Gopakumar have long pro-
moted the studies of free field theory in the context of AdS/CFT correspondence
in a series of papers [17]. Many useful techniques have been developed to compute
correlation function of large charge operators, see e.g. [20, 2]. More recently, some
progress are made to understand string perturbation theory in pp-wave background
in the honest Neveu-Schwarz-Ramond formalism [6]. Also, Berkovits use pure spinor
formalism to understand free super-Yang-Mills Feynman diagrams in the the small
AdS radius limit [4].
Since this is a short note, we should not provide lengthy review of the topic here.
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Basic properties of BMN operators are studied in the early pioneering papers [5, 18].
We use the notations in our previous paper [14]. In the current work, in Section 2,
we clarify a puzzle about S-channel factorization in our previous paper. in Section 3,
we comment on some properties of the higher genus BMN correlators.
2 The 2→ 2 scattering process
The 2→ 2 scattering process is particularly familiar from collider physics. Since our
spacetime is collapsed to a point, the process here should be thought of as instan-
taneous, instead of scattering to and from space infinity as in usual quantum field
theory in flat space. To be consistent we use the same symbols for various diagrams in
our previous paper [14]. We also consider 3 cases, and point out the missing diagrams
in each case. For convenience we list the formulas for BMN operators
OJ =
1√
JNJ
TrZJ , OJ0 =
1√
NJ+1
Tr(φIZJ),
OJ−m,m =
1√
JNJ+2
J∑
l=0
e
2piiml
J Tr(φI1Z lφI2ZJ−l). (2.1)
Here Z is a complex scalar in the N = 4 super-Yang-Mills theory, and φI1 and φI2
are the two different real scalar fields out of the 4 remaining ones besides those in Z.
We take the BMN limit J,N →∞ with finite g := J2
N
as the effective string coupling
constant. The planar three point functions can be derived from the Green-Schwarz
string field theory vertex [21, 12], and serve as the cubic vertex in the string diagrams.
As in the previous paper, we omit the universal spacetime factor in the correlators.
〈O¯JOJ1OJ2〉 = g√
J
√
x(1− x), 〈O¯J0OJ1OJ20 〉 =
g√
J
x
1
2 (1− x),
〈O¯J00OJ10 OJ20 〉 =
g√
J
x(1− x), 〈O¯J00OJ100OJ2〉 =
g√
J
x
3
2 (1− x) 12 ,
〈O¯J−m,mOJ10 OJ20 〉 = −
g√
J
sin2(pimx)
pi2m2
,
〈O¯J−m,mOJ1−n,nOJ2〉 =
g√
J
x
3
2 (1− x) 12 sin
2(pimx)
pi2(mx− n)2 , (2.2)
where x = J1
J
, and it is implicit that J = J1 + J2. If the denominator is zero in
the last two formulas, then one uses special case formulas. The following integral
form is valid for all integers m,n, and are sometimes quite useful for checking the
factorization rule
〈O¯J−m,mOJ10 OJ20 〉 =
g√
J
(
∫ x
0
dy1e
2piimy1)(
∫ 1
x
dy2e
−2piimy2) (2.3)
〈O¯J−m,mOJ1−n,nOJ2〉 =
g√
J
(
1− x
x
)
1
2 (
∫ x
0
dy1e
2pii(m−n
x
)y1)(
∫ x
0
dy2e
−2pii(m−n
x
)y2).
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Figure 1: Some field theory diagrams for 〈O¯J1O¯J4OJ2OJ3〉.
2.0.1 Case one: 〈O¯J1O¯J4OJ2OJ3〉
This is the correlator of the vacuum operators, and it is implicit that J1+J4 = J2+J3,
and we denote xi =
Ji
J
.. Without loss of generality we assume J1 > J2 > J3 > J4. In
the previous paper we calculated the field theory amplitudes for diagrams depicted
in Fig. 1 and found
F
(3)
1 =
J1J2J3J4(J1 − J2)
N2
√
J1J2J3J4
=
g2
J
(x1x2x3x4)
1
2 (x1 − x2),
F
(3)
2 =
J1J2J3J4(J1 − J3)
N2
√
J1J2J3J4
=
g2
J
(x1x2x3x4)
1
2 (x1 − x3). (2.4)
The missing diagram in the previous paper [14] is depicted in Fig. 2. Here the
double trace is also further dissected into 4 segments, and one can check it has the
the same large N factor as the diagrams in Fig. 1. To compute its contribution,
we note that the diagram is determined by the dissecting the shortest trace OJ4 into
2 parts, and then the positions of the other dissecting points uniquely follow. This
contributes a factor of J4 and the other factors are the same as in the (2.4). So the
contribution is
F
(3)
3 =
J1J2J3J4
N2
√
J1J2J3J4
J4 =
g2
J
(x1x2x3x4)
1
2x4. (2.5)
The string diagrams are depicted in Fig. 3, and their contributions are
S
(3)
1 =
g2
J
(x1x2x3x4)
1
2 (x1 − x2) (2.6)
S
(3)
2 =
g2
J
(x1x2x3x4)
1
2 (x1 − x3) (2.7)
S
(3)
3 =
g2
J
(x1x2x3x4)
1
2 (2.8)
4
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Figure 2: The new diagram missed in our previous paper for 〈O¯J1O¯J4OJ2OJ3〉.
Figure 3: The string diagrams for 〈O¯J1O¯J4OJ2OJ3〉. We denote the contributions of
the 3 diagrams S
(3)
1 , S
(3)
2 , S
(3)
3 respectively. The 3 diagrams represent the T , U , S
channels in 2→ 2 scattering.
5
We follow the proposal in our previous paper [14] to count the multiplicity, by
expanding the short process of the field theory diagrams into long processes
F
(3)
1 : (123)1(4)4 → (1)2(23)(4)4 → (1)2(324)3
(123)1(4)4 → (3124)→ (1)2(243)3 (2.9)
F
(3)
2 : (123)1(4)4 → (1)3(23)(4)4 → (1)3(324)2
(123)1(4)4 → (3124)→ (1)3(243)2 (2.10)
F
(3)
3 : (12)1(34)4 → (2134)→ (13)2(24)3
(12)1(34)4 → (1243)→ (13)2(24)3 (2.11)
We find the string diagram S
(3)
1 has a multiplicity of 1 with respect to F
(3)
1 , the string
diagram S
(3)
2 has a multiplicity of 1 with respect to F
(3)
2 . The string diagram S
(3)
3
has the multiplicities of 1 with respect to both F
(3)
1 and F
(3)
2 , and a multiplicity of 2
with F
(3)
3 from the previously missing diagram. We find that for S
(3)
1 and S
(3)
2 , which
represent the T and U channels of the 2 → 2 scattering, the factorization relation
holds, namely
S
(3)
1 = F
(3)
1
S
(3)
2 = F
(3)
2 (2.12)
Now by including the new contribution F
(3)
3 , we find that the factorization also work
for the S-channel process
S
(3)
3 = F
(3)
1 + F
(3)
2 + 2F
(3)
3 (2.13)
The total contribution to the correlator is now
〈O¯J1O¯J4OJ2OJ3〉 = F (3)1 + F (3)2 + F (3)3 =
1
2
(S
(3)
1 + S
(3)
2 + S
(3)
3 ) (2.14)
2.0.2 Case two: 〈O¯J1O¯J4−m,mOJ20 OJ30 〉 (J1 > J2 > J3 > J4)
The field theory diagrams in the previous paper [14] are depicted in Fig. 4. In both
cases it is impossible to put in the scalar insertions without violating planarity, so
the contributions of these diagrams vanish
F
(4)
1 = 0, F
(4)
2 = 0 (2.15)
The missing diagram is depicted in Fig. 5, which is structurally the same as Fig.
2. But now it is possible to contract the scalar insertion in OJ20 and O
J3
0 without
violating planarity. After carefully tracking the combinatorial factors, and separating
the Z fields in OJ4−m,m into two parts, we can write the contributions as integral
F
(4)
3 =
g2
J
√
J1
J4
∫ x4
0
dy
∫ y
0
dy1e
2piim
y1
x4
∫ x4
y
dy2e
−2piim y2
x4
= −g
2
J
(x1)
1
2 (x4)
5
2
2pi2m2
(2.16)
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Figure 4: Some field theory diagrams for 〈O¯J1O¯J4−m,mOJ20 OJ30 〉 (J1 > J2 > J3 > J4 ).
These diagrams turn out to give vanishing contributions.
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OJ4 m,m
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OJ30
<latexit sha1_base64="p68ifDnWoK9LOWOanaTdp8PTLTI=">AAAB8HicbZDL SgMxFIbP1Futt6pLN8EiuCozKuiy6EbcWMFepB2HTJppQ5PMkGSEMvQp3LhQxK2P4863MW1noa0/BD7+cw455w8TzrRx3W+nsLS8srpWXC9tbG5t75R395o6ThWhDR LzWLVDrClnkjYMM5y2E0WxCDlthcOrSb31RJVmsbw3o4T6AvclixjBxloPt4/ZTXA6DtygXHGr7lRoEbwcKpCrHpS/ur2YpIJKQzjWuuO5ifEzrAwjnI5L3VTTBJMh 7tOORYkF1X42XXiMjqzTQ1Gs7JMGTd3fExkWWo9EaDsFNgM9X5uY/9U6qYku/IzJJDVUktlHUcqRidHketRjihLDRxYwUczuisgAK0yMzahkQ/DmT16E5knVs3x3Vq ld5nEU4QAO4Rg8OIcaXEMdGkBAwDO8wpujnBfn3fmYtRacfGYf/sj5/AEJGY/k</latexit><latexit sha1_base64="p68ifDnWoK9LOWOanaTdp8PTLTI=">AAAB8HicbZDL SgMxFIbP1Futt6pLN8EiuCozKuiy6EbcWMFepB2HTJppQ5PMkGSEMvQp3LhQxK2P4863MW1noa0/BD7+cw455w8TzrRx3W+nsLS8srpWXC9tbG5t75R395o6ThWhDR LzWLVDrClnkjYMM5y2E0WxCDlthcOrSb31RJVmsbw3o4T6AvclixjBxloPt4/ZTXA6DtygXHGr7lRoEbwcKpCrHpS/ur2YpIJKQzjWuuO5ifEzrAwjnI5L3VTTBJMh 7tOORYkF1X42XXiMjqzTQ1Gs7JMGTd3fExkWWo9EaDsFNgM9X5uY/9U6qYku/IzJJDVUktlHUcqRidHketRjihLDRxYwUczuisgAK0yMzahkQ/DmT16E5knVs3x3Vq ld5nEU4QAO4Rg8OIcaXEMdGkBAwDO8wpujnBfn3fmYtRacfGYf/sj5/AEJGY/k</latexit><latexit sha1_base64="p68ifDnWoK9LOWOanaTdp8PTLTI=">AAAB8HicbZDL SgMxFIbP1Futt6pLN8EiuCozKuiy6EbcWMFepB2HTJppQ5PMkGSEMvQp3LhQxK2P4863MW1noa0/BD7+cw455w8TzrRx3W+nsLS8srpWXC9tbG5t75R395o6ThWhDR LzWLVDrClnkjYMM5y2E0WxCDlthcOrSb31RJVmsbw3o4T6AvclixjBxloPt4/ZTXA6DtygXHGr7lRoEbwcKpCrHpS/ur2YpIJKQzjWuuO5ifEzrAwjnI5L3VTTBJMh 7tOORYkF1X42XXiMjqzTQ1Gs7JMGTd3fExkWWo9EaDsFNgM9X5uY/9U6qYku/IzJJDVUktlHUcqRidHketRjihLDRxYwUczuisgAK0yMzahkQ/DmT16E5knVs3x3Vq ld5nEU4QAO4Rg8OIcaXEMdGkBAwDO8wpujnBfn3fmYtRacfGYf/sj5/AEJGY/k</latexit><latexit sha1_base64="p68ifDnWoK9LOWOanaTdp8PTLTI=">AAAB8HicbZDL SgMxFIbP1Futt6pLN8EiuCozKuiy6EbcWMFepB2HTJppQ5PMkGSEMvQp3LhQxK2P4863MW1noa0/BD7+cw455w8TzrRx3W+nsLS8srpWXC9tbG5t75R395o6ThWhDR LzWLVDrClnkjYMM5y2E0WxCDlthcOrSb31RJVmsbw3o4T6AvclixjBxloPt4/ZTXA6DtygXHGr7lRoEbwcKpCrHpS/ur2YpIJKQzjWuuO5ifEzrAwjnI5L3VTTBJMh 7tOORYkF1X42XXiMjqzTQ1Gs7JMGTd3fExkWWo9EaDsFNgM9X5uY/9U6qYku/IzJJDVUktlHUcqRidHketRjihLDRxYwUczuisgAK0yMzahkQ/DmT16E5knVs3x3Vq ld5nEU4QAO4Rg8OIcaXEMdGkBAwDO8wpujnBfn3fmYtRacfGYf/sj5/AEJGY/k</latexit>
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<latexit sha1_base64="3KgRXeQTF6p+w/0b+wGKqFIte1o= ">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2Z0YIui4K4rGAv0o4lk2ba0CQzJBmhDH0KNy4UcevjuPNtTNtZaOsPgY//nEPO+Y OYM21c99vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweh6Wm89UaVZJO/NOKa+wAPJQkawsdbDz WNarp5Oeue9YsmtuDOhZfAyKEGmeq/41e1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LEosqPbT2cITdGKdPgojZZ80aOb+n kix0HosAtspsBnqxdrU/K/WSUx46adMxomhksw/ChOOTISm16M+U5QYPraAiWJ2V0SGWGFibEYFG4K3ePIyNM8qnuW7aql2lcWR hyM4hjJ4cAE1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/JHz+QN6Wo+H</latexit><latexit sha1_base64="3KgRXeQTF6p+w/0b+wGKqFIte1o= ">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2Z0YIui4K4rGAv0o4lk2ba0CQzJBmhDH0KNy4UcevjuPNtTNtZaOsPgY//nEPO+Y OYM21c99vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweh6Wm89UaVZJO/NOKa+wAPJQkawsdbDz WNarp5Oeue9YsmtuDOhZfAyKEGmeq/41e1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LEosqPbT2cITdGKdPgojZZ80aOb+n kix0HosAtspsBnqxdrU/K/WSUx46adMxomhksw/ChOOTISm16M+U5QYPraAiWJ2V0SGWGFibEYFG4K3ePIyNM8qnuW7aql2lcWR hyM4hjJ4cAE1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/JHz+QN6Wo+H</latexit><latexit sha1_base64="3KgRXeQTF6p+w/0b+wGKqFIte1o= ">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2Z0YIui4K4rGAv0o4lk2ba0CQzJBmhDH0KNy4UcevjuPNtTNtZaOsPgY//nEPO+Y OYM21c99vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweh6Wm89UaVZJO/NOKa+wAPJQkawsdbDz WNarp5Oeue9YsmtuDOhZfAyKEGmeq/41e1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LEosqPbT2cITdGKdPgojZZ80aOb+n kix0HosAtspsBnqxdrU/K/WSUx46adMxomhksw/ChOOTISm16M+U5QYPraAiWJ2V0SGWGFibEYFG4K3ePIyNM8qnuW7aql2lcWR hyM4hjJ4cAE1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/JHz+QN6Wo+H</latexit><latexit sha1_base64="3KgRXeQTF6p+w/0b+wGKqFIte1o= ">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2Z0YIui4K4rGAv0o4lk2ba0CQzJBmhDH0KNy4UcevjuPNtTNtZaOsPgY//nEPO+Y OYM21c99vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweh6Wm89UaVZJO/NOKa+wAPJQkawsdbDz WNarp5Oeue9YsmtuDOhZfAyKEGmeq/41e1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LEosqPbT2cITdGKdPgojZZ80aOb+n kix0HosAtspsBnqxdrU/K/WSUx46adMxomhksw/ChOOTISm16M+U5QYPraAiWJ2V0SGWGFibEYFG4K3ePIyNM8qnuW7aql2lcWR hyM4hjJ4cAE1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/JHz+QN6Wo+H</latexit>
Figure 5: The new diagram missed in our previous paper for 〈O¯J1O¯J4−m,mOJ20 OJ30 〉.
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Figure 6: The string diagram for 〈O¯J1O¯J4−m,mOJ20 OJ30 〉 (J1 > J2 > J3 > J4 ). This is
the only non-vanishing S-channel diagram, which we denote S(4).
We look at the string diagrams. The longest operator is OJ1 , but it has no scalar
insertion so it can not decay to OJ20 or O
J3
0 . So the T , U channels are impossible and
we are left only with the S-channel contribution S(4) depicted in Fig. 6. The vanishing
of the T , U channels is consistent with the factorization rules since the field theory
diagram contributions vanish (2.15). We can calculate the S-channel contribution
S(4) =
+∞∑
k=−∞
〈O¯J1O¯J4−m,mOJ1+J4−k,k 〉〈O¯J1+J4−k,k OJ20 OJ30 〉
= −g
2
J
(x1)
1
2 (x4)
3
2
+∞∑
k=−∞
sin2(pikx4)
pi2(kx4 −m)2
sin2(pikx2)
pi2k2
. (2.17)
The infinite sum can be performed analytically using the useful summation formulas
in the Appendix in the previous paper [14]. To apply the summation formulas we note
that it is convenient to use a trigonometry identity 4 sin2(β1) sin
2(β2) = 2 sin
2(β1) +
2 sin2(β2) − sin2(β1 + β2) − sin2(β1 − β2). Quite nicely, it turns out that the infinite
sum in (2.17) is actually independent of x2 as long as x2 > x4 as assumed here. With
the new contributions, we check indeed the S-channel factorization is satisfied
〈O¯J1O¯J4−m,mOJ20 OJ30 〉 = F (4)3 =
1
2
S(4) (2.18)
Here it is probably more illuminating to check the factorization rule with the
integral form of the vertex (2.3), as it was done in the previous paper for torus two-
point function [14]. The sum over intermediate states can be done by the Poisson
resummation formula
∑∞
k=−∞ e
2piikx =
∑+∞
p=−∞ δ(x− p). We can write the S-channel
8
OJ3
<latexit sha1_base64="O52Sl1j UwhT6sLBnd/FXDcZBooo=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQ SFfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDlp9YeHh nRl25g0SwbVx3S+nsLS8srpWXC9tbG5t75R395o6ThXDBotFrNoB1Si4xI bhRmA7UUijQGArGF1N661HVJrH8t6ME/QjOpA85Iwaa7VuH7Kb3umkV66 4VXcm8he8HCqQq94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY 1HSCLWfzdadkCPr9EkYK/ukITP350RGI63HUWA7I2qGerE2Nf+rdVITXvg Zl0lqULL5R2EqiInJ9HbS5wqZEWMLlCludyVsSBVlxiZUsiF4iyf/heZJ 1bN8d1apXeZxFOEADuEYPDiHGlxDHRrAYARP8AKvTuI8O2/O+7y14OQz+/ BLzsc34PyPQQ==</latexit><latexit sha1_base64="O52Sl1j UwhT6sLBnd/FXDcZBooo=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQ SFfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDlp9YeHh nRl25g0SwbVx3S+nsLS8srpWXC9tbG5t75R395o6ThXDBotFrNoB1Si4xI bhRmA7UUijQGArGF1N661HVJrH8t6ME/QjOpA85Iwaa7VuH7Kb3umkV66 4VXcm8he8HCqQq94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY 1HSCLWfzdadkCPr9EkYK/ukITP350RGI63HUWA7I2qGerE2Nf+rdVITXvg Zl0lqULL5R2EqiInJ9HbS5wqZEWMLlCludyVsSBVlxiZUsiF4iyf/heZJ 1bN8d1apXeZxFOEADuEYPDiHGlxDHRrAYARP8AKvTuI8O2/O+7y14OQz+/ BLzsc34PyPQQ==</latexit><latexit sha1_base64="O52Sl1j UwhT6sLBnd/FXDcZBooo=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQ SFfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDlp9YeHh nRl25g0SwbVx3S+nsLS8srpWXC9tbG5t75R395o6ThXDBotFrNoB1Si4xI bhRmA7UUijQGArGF1N661HVJrH8t6ME/QjOpA85Iwaa7VuH7Kb3umkV66 4VXcm8he8HCqQq94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY 1HSCLWfzdadkCPr9EkYK/ukITP350RGI63HUWA7I2qGerE2Nf+rdVITXvg Zl0lqULL5R2EqiInJ9HbS5wqZEWMLlCludyVsSBVlxiZUsiF4iyf/heZJ 1bN8d1apXeZxFOEADuEYPDiHGlxDHRrAYARP8AKvTuI8O2/O+7y14OQz+/ BLzsc34PyPQQ==</latexit><latexit sha1_base64="O52Sl1j UwhT6sLBnd/FXDcZBooo=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQ SFfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDlp9YeHh nRl25g0SwbVx3S+nsLS8srpWXC9tbG5t75R395o6ThXDBotFrNoB1Si4xI bhRmA7UUijQGArGF1N661HVJrH8t6ME/QjOpA85Iwaa7VuH7Kb3umkV66 4VXcm8he8HCqQq94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY 1HSCLWfzdadkCPr9EkYK/ukITP350RGI63HUWA7I2qGerE2Nf+rdVITXvg Zl0lqULL5R2EqiInJ9HbS5wqZEWMLlCludyVsSBVlxiZUsiF4iyf/heZJ 1bN8d1apXeZxFOEADuEYPDiHGlxDHRrAYARP8AKvTuI8O2/O+7y14OQz+/ BLzsc34PyPQQ==</latexit>
OJ4
<latexit sha1_base64="husnf9K/UbRYWtohYnT11GK9HpQ=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6wsLDOzPszBskgmvjut9OYWV1bX2juFna2 t7Z3SvvHzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1ltPqDSP5YMZJ+hHdCB5yBk11mrdPWa3vfNJr1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6gDg1gMIJneIU3J3FenHfnY95acPKZQ/gj5/MH4oGPQg==</latexit><latexit sha1_base64="husnf9K/UbRYWtohYnT11GK9HpQ=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6wsLDOzPszBskgmvjut9OYWV1bX2juFna2 t7Z3SvvHzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1ltPqDSP5YMZJ+hHdCB5yBk11mrdPWa3vfNJr1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6gDg1gMIJneIU3J3FenHfnY95acPKZQ/gj5/MH4oGPQg==</latexit><latexit sha1_base64="husnf9K/UbRYWtohYnT11GK9HpQ=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6wsLDOzPszBskgmvjut9OYWV1bX2juFna2 t7Z3SvvHzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1ltPqDSP5YMZJ+hHdCB5yBk11mrdPWa3vfNJr1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6gDg1gMIJneIU3J3FenHfnY95acPKZQ/gj5/MH4oGPQg==</latexit><latexit sha1_base64="husnf9K/UbRYWtohYnT11GK9HpQ=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6wsLDOzPszBskgmvjut9OYWV1bX2juFna2 t7Z3SvvHzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1ltPqDSP5YMZJ+hHdCB5yBk11mrdPWa3vfNJr1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6gDg1gMIJneIU3J3FenHfnY95acPKZQ/gj5/MH4oGPQg==</latexit>
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OJ2 n,n
<latexit sha1_base64="paFrNaR Io67d7ejwHhPnmC4tyZk=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEF1q SIuiy6EbcWMFeoE3DZDpph04mYWailJD3cONCEbe+izvfxmmbhbb+MPDx n3M4Z34/5kxp2/62lpZXVtfWCxvFza3tnd3S3n5TRYkktEEiHsm2jxXlTN CGZprTdiwpDn1OW/7oelJvPVKpWCQe9DimbogHggWMYG2s3l0vvfWqmZe eiVOReaWyXbGnQovg5FCGXHWv9NXtRyQJqdCEY6U6jh1rN8VSM8JpVuwmi saYjPCAdgwKHFLlptOrM3RsnD4KImme0Gjq/p5IcajUOPRNZ4j1UM3XJuZ /tU6ig0s3ZSJONBVktihIONIRmkSA+kxSovnYACaSmVsRGWKJiTZBFU0I zvyXF6FZrTiG78/Ltas8jgIcwhGcgAMXUIMbqEMDCEh4hld4s56sF+vd+p i1Lln5zAH8kfX5A9eRkhI=</latexit><latexit sha1_base64="paFrNaR Io67d7ejwHhPnmC4tyZk=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEF1q SIuiy6EbcWMFeoE3DZDpph04mYWailJD3cONCEbe+izvfxmmbhbb+MPDx n3M4Z34/5kxp2/62lpZXVtfWCxvFza3tnd3S3n5TRYkktEEiHsm2jxXlTN CGZprTdiwpDn1OW/7oelJvPVKpWCQe9DimbogHggWMYG2s3l0vvfWqmZe eiVOReaWyXbGnQovg5FCGXHWv9NXtRyQJqdCEY6U6jh1rN8VSM8JpVuwmi saYjPCAdgwKHFLlptOrM3RsnD4KImme0Gjq/p5IcajUOPRNZ4j1UM3XJuZ /tU6ig0s3ZSJONBVktihIONIRmkSA+kxSovnYACaSmVsRGWKJiTZBFU0I zvyXF6FZrTiG78/Ltas8jgIcwhGcgAMXUIMbqEMDCEh4hld4s56sF+vd+p i1Lln5zAH8kfX5A9eRkhI=</latexit><latexit sha1_base64="paFrNaR Io67d7ejwHhPnmC4tyZk=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEF1q SIuiy6EbcWMFeoE3DZDpph04mYWailJD3cONCEbe+izvfxmmbhbb+MPDx n3M4Z34/5kxp2/62lpZXVtfWCxvFza3tnd3S3n5TRYkktEEiHsm2jxXlTN CGZprTdiwpDn1OW/7oelJvPVKpWCQe9DimbogHggWMYG2s3l0vvfWqmZe eiVOReaWyXbGnQovg5FCGXHWv9NXtRyQJqdCEY6U6jh1rN8VSM8JpVuwmi saYjPCAdgwKHFLlptOrM3RsnD4KImme0Gjq/p5IcajUOPRNZ4j1UM3XJuZ /tU6ig0s3ZSJONBVktihIONIRmkSA+kxSovnYACaSmVsRGWKJiTZBFU0I zvyXF6FZrTiG78/Ltas8jgIcwhGcgAMXUIMbqEMDCEh4hld4s56sF+vd+p i1Lln5zAH8kfX5A9eRkhI=</latexit><latexit sha1_base64="paFrNaR Io67d7ejwHhPnmC4tyZk=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEF1q SIuiy6EbcWMFeoE3DZDpph04mYWailJD3cONCEbe+izvfxmmbhbb+MPDx n3M4Z34/5kxp2/62lpZXVtfWCxvFza3tnd3S3n5TRYkktEEiHsm2jxXlTN CGZprTdiwpDn1OW/7oelJvPVKpWCQe9DimbogHggWMYG2s3l0vvfWqmZe eiVOReaWyXbGnQovg5FCGXHWv9NXtRyQJqdCEY6U6jh1rN8VSM8JpVuwmi saYjPCAdgwKHFLlptOrM3RsnD4KImme0Gjq/p5IcajUOPRNZ4j1UM3XJuZ /tU6ig0s3ZSJONBVktihIONIRmkSA+kxSovnYACaSmVsRGWKJiTZBFU0I zvyXF6FZrTiG78/Ltas8jgIcwhGcgAMXUIMbqEMDCEh4hld4s56sF+vd+p i1Lln5zAH8kfX5A9eRkhI=</latexit>
OJ3
<latexit sha1_base64="O52Sl1jUwhT6sLBnd/FXDcZBooo=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDlp9YeHhnRl25g0SwbVx3S+nsLS8srpWXC9tb G5t75R395o6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGF1N661HVJrH8t6ME/QjOpA85Iwaa7VuH7Kb3umkV664VXcm8he8HCqQq94rf3b7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkCPr9EkYK/ukITP350RGI63HUWA7I2qGerE2Nf+rdVITXvgZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iyf/heZJ1bN8d1apXeZxFOEADuEYPDiHGlxDHRrAYARP8AKvTuI8O2/O+7y14OQz+/BLzsc34PyPQQ==</latexit><latexit sha1_base64="O52Sl1jUwhT6sLBnd/FXDcZBooo=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDlp9YeHhnRl25g0SwbVx3S+nsLS8srpWXC9tb G5t75R395o6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGF1N661HVJrH8t6ME/QjOpA85Iwaa7VuH7Kb3umkV664VXcm8he8HCqQq94rf3b7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkCPr9EkYK/ukITP350RGI63HUWA7I2qGerE2Nf+rdVITXvgZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iyf/heZJ1bN8d1apXeZxFOEADuEYPDiHGlxDHRrAYARP8AKvTuI8O2/O+7y14OQz+/BLzsc34PyPQQ==</latexit><latexit sha1_base64="O52Sl1jUwhT6sLBnd/FXDcZBooo=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDlp9YeHhnRl25g0SwbVx3S+nsLS8srpWXC9tb G5t75R395o6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGF1N661HVJrH8t6ME/QjOpA85Iwaa7VuH7Kb3umkV664VXcm8he8HCqQq94rf3b7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkCPr9EkYK/ukITP350RGI63HUWA7I2qGerE2Nf+rdVITXvgZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iyf/heZJ1bN8d1apXeZxFOEADuEYPDiHGlxDHRrAYARP8AKvTuI8O2/O+7y14OQz+/BLzsc34PyPQQ==</latexit><latexit sha1_base64="O52Sl1jUwhT6sLBnd/FXDcZBooo=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDlp9YeHhnRl25g0SwbVx3S+nsLS8srpWXC9tb G5t75R395o6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGF1N661HVJrH8t6ME/QjOpA85Iwaa7VuH7Kb3umkV664VXcm8he8HCqQq94rf3b7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkCPr9EkYK/ukITP350RGI63HUWA7I2qGerE2Nf+rdVITXvgZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iyf/heZJ1bN8d1apXeZxFOEADuEYPDiHGlxDHRrAYARP8AKvTuI8O2/O+7y14OQz+/BLzsc34PyPQQ==</latexit>
OJ4
<latexit sha1_base64="husnf9K/UbRYWtohYnT11GK9HpQ=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6wsLDOzPszBskgmvjut9OYWV1bX2juFna2 t7Z3SvvHzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1ltPqDSP5YMZJ+hHdCB5yBk11mrdPWa3vfNJr1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6gDg1gMIJneIU3J3FenHfnY95acPKZQ/gj5/MH4oGPQg==</latexit><latexit sha1_base64="husnf9K/UbRYWtohYnT11GK9HpQ=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6wsLDOzPszBskgmvjut9OYWV1bX2juFna2 t7Z3SvvHzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1ltPqDSP5YMZJ+hHdCB5yBk11mrdPWa3vfNJr1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6gDg1gMIJneIU3J3FenHfnY95acPKZQ/gj5/MH4oGPQg==</latexit><latexit sha1_base64="husnf9K/UbRYWtohYnT11GK9HpQ=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6wsLDOzPszBskgmvjut9OYWV1bX2juFna2 t7Z3SvvHzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1ltPqDSP5YMZJ+hHdCB5yBk11mrdPWa3vfNJr1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6gDg1gMIJneIU3J3FenHfnY95acPKZQ/gj5/MH4oGPQg==</latexit><latexit sha1_base64="husnf9K/UbRYWtohYnT11GK9HpQ=">AAAB7n icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9CJerGA/oI1ls520SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6wsLDOzPszBskgmvjut9OYWV1bX2juFna2 t7Z3SvvHzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqe1ltPqDSP5YMZJ+hHdCB5yBk11mrdPWa3vfNJr1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJ qnXHcxPjZ1QZzgROSt1UY0LZiA6wY1HSCLWfzdadkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5R2EqiInJ9HbS5wqZEWM LlCludyVsSBVlxiZUsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6gDg1gMIJneIU3J3FenHfnY95acPKZQ/gj5/MH4oGPQg==</latexit>
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OJ1 m,m
<latexit sha1_base64="kWPODSn90ZTzcGYeA2KjxS2MI80=">AAAB9X icbZDLSsNAFIZP6q3WW9Wlm2ARXGhJRNBl0Y24sYK9QJuGyXTSDp2ZhJmJUkLew40LRdz6Lu58G6dtFtr6w8DHf87hnPmDmFGlHefbKiwtr6yuFddLG 5tb2zvl3b2mihKJSQNHLJLtACnCqCANTTUj7VgSxANGWsHoelJvPRKpaCQe9DgmHkcDQUOKkTZW766X3vpu5qen/IRnfrniVJ2p7EVwc6hArrpf/ur2 I5xwIjRmSKmO68TaS5HUFDOSlbqJIjHCIzQgHYMCcaK8dHp1Zh8Zp2+HkTRPaHvq/p5IEVdqzAPTyZEeqvnaxPyv1kl0eOmlVMSJJgLPFoUJs3VkTyK w+1QSrNnYAMKSmlttPEQSYW2CKpkQ3PkvL0LzrOoavj+v1K7yOIpwAIdwDC5cQA1uoA4NwCDhGV7hzXqyXqx362PWWrDymX34I+vzB9L5kg8=</late xit><latexit sha1_base64="kWPODSn90ZTzcGYeA2KjxS2MI80=">AAAB9X icbZDLSsNAFIZP6q3WW9Wlm2ARXGhJRNBl0Y24sYK9QJuGyXTSDp2ZhJmJUkLew40LRdz6Lu58G6dtFtr6w8DHf87hnPmDmFGlHefbKiwtr6yuFddLG 5tb2zvl3b2mihKJSQNHLJLtACnCqCANTTUj7VgSxANGWsHoelJvPRKpaCQe9DgmHkcDQUOKkTZW766X3vpu5qen/IRnfrniVJ2p7EVwc6hArrpf/ur2 I5xwIjRmSKmO68TaS5HUFDOSlbqJIjHCIzQgHYMCcaK8dHp1Zh8Zp2+HkTRPaHvq/p5IEVdqzAPTyZEeqvnaxPyv1kl0eOmlVMSJJgLPFoUJs3VkTyK w+1QSrNnYAMKSmlttPEQSYW2CKpkQ3PkvL0LzrOoavj+v1K7yOIpwAIdwDC5cQA1uoA4NwCDhGV7hzXqyXqx362PWWrDymX34I+vzB9L5kg8=</late xit><latexit sha1_base64="kWPODSn90ZTzcGYeA2KjxS2MI80=">AAAB9X icbZDLSsNAFIZP6q3WW9Wlm2ARXGhJRNBl0Y24sYK9QJuGyXTSDp2ZhJmJUkLew40LRdz6Lu58G6dtFtr6w8DHf87hnPmDmFGlHefbKiwtr6yuFddLG 5tb2zvl3b2mihKJSQNHLJLtACnCqCANTTUj7VgSxANGWsHoelJvPRKpaCQe9DgmHkcDQUOKkTZW766X3vpu5qen/IRnfrniVJ2p7EVwc6hArrpf/ur2 I5xwIjRmSKmO68TaS5HUFDOSlbqJIjHCIzQgHYMCcaK8dHp1Zh8Zp2+HkTRPaHvq/p5IEVdqzAPTyZEeqvnaxPyv1kl0eOmlVMSJJgLPFoUJs3VkTyK w+1QSrNnYAMKSmlttPEQSYW2CKpkQ3PkvL0LzrOoavj+v1K7yOIpwAIdwDC5cQA1uoA4NwCDhGV7hzXqyXqx362PWWrDymX34I+vzB9L5kg8=</late xit><latexit sha1_base64="kWPODSn90ZTzcGYeA2KjxS2MI80=">AAAB9X icbZDLSsNAFIZP6q3WW9Wlm2ARXGhJRNBl0Y24sYK9QJuGyXTSDp2ZhJmJUkLew40LRdz6Lu58G6dtFtr6w8DHf87hnPmDmFGlHefbKiwtr6yuFddLG 5tb2zvl3b2mihKJSQNHLJLtACnCqCANTTUj7VgSxANGWsHoelJvPRKpaCQe9DgmHkcDQUOKkTZW766X3vpu5qen/IRnfrniVJ2p7EVwc6hArrpf/ur2 I5xwIjRmSKmO68TaS5HUFDOSlbqJIjHCIzQgHYMCcaK8dHp1Zh8Zp2+HkTRPaHvq/p5IEVdqzAPTyZEeqvnaxPyv1kl0eOmlVMSJJgLPFoUJs3VkTyK w+1QSrNnYAMKSmlttPEQSYW2CKpkQ3PkvL0LzrOoavj+v1K7yOIpwAIdwDC5cQA1uoA4NwCDhGV7hzXqyXqx362PWWrDymX34I+vzB9L5kg8=</late xit>
OJ2 n,n
<latexit sha1_base64="paFrNaRIo67d7ejwHhPnmC4tyZk=">AAAB9X icbZDLSsNAFIZPvNZ6q7p0M1gEF1qSIuiy6EbcWMFeoE3DZDpph04mYWailJD3cONCEbe+izvfxmmbhbb+MPDxn3M4Z34/5kxp2/62lpZXVtfWCxvFz a3tnd3S3n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oelJvPVKpWCQe9DimbogHggWMYG2s3l0vvfWqmZeeiVOReaWyXbGnQovg5FCGXHWv9NXt RyQJqdCEY6U6jh1rN8VSM8JpVuwmisaYjPCAdgwKHFLlptOrM3RsnD4KImme0Gjq/p5IcajUOPRNZ4j1UM3XJuZ/tU6ig0s3ZSJONBVktihIONIRmkS A+kxSovnYACaSmVsRGWKJiTZBFU0IzvyXF6FZrTiG78/Ltas8jgIcwhGcgAMXUIMbqEMDCEh4hld4s56sF+vd+pi1Lln5zAH8kfX5A9eRkhI=</late xit><latexit sha1_base64="paFrNaRIo67d7ejwHhPnmC4tyZk=">AAAB9X icbZDLSsNAFIZPvNZ6q7p0M1gEF1qSIuiy6EbcWMFeoE3DZDpph04mYWailJD3cONCEbe+izvfxmmbhbb+MPDxn3M4Z34/5kxp2/62lpZXVtfWCxvFz a3tnd3S3n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oelJvPVKpWCQe9DimbogHggWMYG2s3l0vvfWqmZeeiVOReaWyXbGnQovg5FCGXHWv9NXt RyQJqdCEY6U6jh1rN8VSM8JpVuwmisaYjPCAdgwKHFLlptOrM3RsnD4KImme0Gjq/p5IcajUOPRNZ4j1UM3XJuZ/tU6ig0s3ZSJONBVktihIONIRmkS A+kxSovnYACaSmVsRGWKJiTZBFU0IzvyXF6FZrTiG78/Ltas8jgIcwhGcgAMXUIMbqEMDCEh4hld4s56sF+vd+pi1Lln5zAH8kfX5A9eRkhI=</late xit><latexit sha1_base64="paFrNaRIo67d7ejwHhPnmC4tyZk=">AAAB9X icbZDLSsNAFIZPvNZ6q7p0M1gEF1qSIuiy6EbcWMFeoE3DZDpph04mYWailJD3cONCEbe+izvfxmmbhbb+MPDxn3M4Z34/5kxp2/62lpZXVtfWCxvFz a3tnd3S3n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oelJvPVKpWCQe9DimbogHggWMYG2s3l0vvfWqmZeeiVOReaWyXbGnQovg5FCGXHWv9NXt RyQJqdCEY6U6jh1rN8VSM8JpVuwmisaYjPCAdgwKHFLlptOrM3RsnD4KImme0Gjq/p5IcajUOPRNZ4j1UM3XJuZ/tU6ig0s3ZSJONBVktihIONIRmkS A+kxSovnYACaSmVsRGWKJiTZBFU0IzvyXF6FZrTiG78/Ltas8jgIcwhGcgAMXUIMbqEMDCEh4hld4s56sF+vd+pi1Lln5zAH8kfX5A9eRkhI=</late xit><latexit sha1_base64="paFrNaRIo67d7ejwHhPnmC4tyZk=">AAAB9X icbZDLSsNAFIZPvNZ6q7p0M1gEF1qSIuiy6EbcWMFeoE3DZDpph04mYWailJD3cONCEbe+izvfxmmbhbb+MPDxn3M4Z34/5kxp2/62lpZXVtfWCxvFz a3tnd3S3n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oelJvPVKpWCQe9DimbogHggWMYG2s3l0vvfWqmZeeiVOReaWyXbGnQovg5FCGXHWv9NXt RyQJqdCEY6U6jh1rN8VSM8JpVuwmisaYjPCAdgwKHFLlptOrM3RsnD4KImme0Gjq/p5IcajUOPRNZ4j1UM3XJuZ/tU6ig0s3ZSJONBVktihIONIRmkS A+kxSovnYACaSmVsRGWKJiTZBFU0IzvyXF6FZrTiG78/Ltas8jgIcwhGcgAMXUIMbqEMDCEh4hld4s56sF+vd+pi1Lln5zAH8kfX5A9eRkhI=</late xit>
F
(5)
1
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Figure 7: Some field theory diagrams for 〈O¯J1−m,mO¯J4OJ2−n,nOJ3〉.
contribution as
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g2
J
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x4
)
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∫ x4
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−2pii m
x4
y1
∫ x4
0
dy2e
2pii m
x4
y2
×
∞∑
p=−∞
∫ x2
0
dy3
∫ 1
x2
dy4δ(y1 − y2 + y3 − y4 − p). (2.19)
We can analyze the integral. Since the final result is real, the contributions from
y1 > y2 and y2 > y1 are the same. We consider for example y1 > y2, then the sum over
p has non-vanishing contribution only for p = 0. Since x4 is the smallest, we have the
integral
∫ x2
0
dy3
∫ 1
x2
dy4δ(y1−y2+y3−y4) = y1−y2 =
∫ y1
y2
dy. Finally, we can re-arrange
the integral domain by
∫ x4
0
dy1
∫ y1
0
dy2
∫ y1
y2
dy(· · · ) = ∫ x4
0
dy
∫ y
0
dy2
∫ x4
y
dy1(· · · ). This
is exactly the the integral formula in (2.16). Counting the double contributions from
y1 > y2 and y2 > y1 we have the factorization rule S
(4) = 2F
(4)
3 .
2.0.3 Case three: 〈O¯J1−m,mO¯J4OJ2−n,nOJ3〉 (J1 > J2 > J3 > J4)
The field theory diagrams are depicted in Fig 7 and Fig 8. The two diagrams in Fig
7 have been computed in the previous paper, and the results are
F
(5)
1 =
g2
J
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− 1
2x
3
2
2 (x3x4)
1
2 (x1 − x2)
∫ 1
0
dy1e
−2pii(mx2
x1
−n)y1
∫ 1
0
dy2e
2pii(
mx2
x1
−n)y2
=
g2
J
(x1x2)
3
2 (x3x4)
1
2 (x1 − x2)
1− cos(2mpi x2
x1
)
2pi2(mx2 − nx1)2 , (2.20)
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Figure 8: The new diagram missed in our previous paper for 〈O¯J1−m,mO¯J4OJ2−n,nOJ3〉.
F
(5)
2 =
g2
J
(x1x2)
− 1
2 (x3x4)
1
2 (x1 − x3)3
∫ 1
0
dy ×
|(e−2piin
x1−x3
x2
∫ y
0
dy1 +
∫ 1
y
dy1)e
2pii(x1−x3)( mx1−
n
x2
)y1|2
=
g2
J
(x1x2)
3
2 (x3x4)
1
2
2pi3(nx1 −mx2)3{pi(nx1 −mx2)(x1 − x3)[2− cos(2mpi
x3
x1
)− cos(2npix4
x2
)]
+x1x2[sin(2mpi
x3
x1
)− sin(2npix4
x2
)− sin(2pi (nx1 −mx2)(x1 − x3)
x1x2
)]} (2.21)
The string diagrams are depicted in Fig. 9. In the previous paper we have
computed the T, U channels contributions denoted by S
(5)
1 , S
(5)
2 , and verified the
factorization relation.
S
(5)
1 = 〈O¯J1−m,mOJ2−n,nOJ1−J2〉〈O¯J1−J2O¯J4OJ3〉 = F (5)1 , (2.22)
S
(5)
2 =
+∞∑
k=−∞
〈O¯J1−m,mOJ3OJ1−J3−k,k 〉〈O¯J1−J3−k,k O¯J4OJ2−n,n〉 = F (5)2 (2.23)
We calculate the new diagram in Fig. 8. The two oscillator modes are located at
the left side of the diagram,
F
(5)
3 =
g2
J
(
x3x4
x1x2
)
1
2
∫ x4
0
dy |
∫ x2−y
0
e
−2pii( m
x1
− n
x2
)y1dy1|2
=
g2
J
(x1x2)
3
2 (x3x4)
1
2
4pi3(nx1 −mx2)3 [2pi(nx1 −mx2)x4 + x1x2 sin(2mpi
x2
x1
)
+x1x2 sin(2pi
(nx1 −mx2)(x2 − x4)
x1x2
)]. (2.24)
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Figure 9: The string diagrams for 〈O¯J1−m,mO¯J4OJ2−n,nOJ3〉 (J1 > J2 > J3 > J4 ). We
denote the contributions of the 2 diagrams S
(5)
1 , S
(5)
2 , S
(5)
3 respectively.
It is quite involved to use the integral form and Poisson resummation formula to
check the S-channel factorization. It is more straightforward to perform the infinite
sum using the formulas in the Appendix of our previous paper [14]. We check indeed
S
(5)
2 =
+∞∑
k=−∞
〈O¯J1−m,mO¯J4OJ−k,k〉〈O¯J−k,kOJ2−n,nOJ3〉 = F (5)1 + F (5)2 + 2F (5)3 . (2.25)
The total contributions to the correlator is
〈O¯J1−m,mO¯J4OJ2−n,nOJ3〉 = F (5)1 + F (5)2 + F (5)3 =
1
2
(S
(5)
1 + S
(5)
2 + S
(5)
3 ). (2.26)
.
3 Some observations about higher genus correla-
tors
In quantum mechanics, for a initial state |ψ〉 with the proper normalization 〈ψ|ψ〉 = 1,
we may make a measurement about a physical observable such as the energy. It is
well known that the eigenstates of the physical observable form a complete orthonor-
mal basis. Summing the probability of all possible final states is simply the unity
probability
∑
n |〈ψ|n〉|2 = 1.
Analogously, we would like to interpret the two single-string correlator 〈O¯J−m,mOJ−n,n〉h
of genus h as the physical h-loop probability amplitude of preparing the initial as
OJ−m,m and observing the final state O
J
−n,n. We note that since the spacetime is in-
finitely curved, a hypothetical observer are performing the gedanken experiment of
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measurement without an ambient spacetime. First we consider the torus two-point
function
〈O¯J−m,mOJ−n,n〉torus (3.1)
=

g2
24
, m = n = 0;
0, m = 0, n 6= 0,
or n = 0,m 6= 0;
g2( 1
60
− 1
24pi2m2
+ 7
16pi4m4
), m = n 6= 0;
g2
16pi2m2
(1
3
+ 35
8pi2m2
), m = −n 6= 0;
g2
4pi2(m−n)2 (
1
3
+ 1
pi2n2
+ 1
pi2m2
− 3
2pi2mn
− 1
2pi2(m−n)2 ) all other cases
We find the sum of the probability amplitude over final states is actually quite simple
and independent of the initial state mode
∞∑
n=−∞
〈O¯J−m,mOJ−n,n〉torus =
g2
24
. (3.2)
It is easy to check the infinite sum for some fixed small integers m. The result can
be better derived using the integral formula
〈O¯J−m,mOJ−n,n〉torus (3.3)
= g2
∫ 1
0
dx1dx2dx3dx4δ(x1 + x2 + x3 + x4 − 1)[
∫ x1
0
dy1e
−2pii(m−n)y1 ]
·[
∫ x1
0
dy2e
2pii(m−n)y2 + e2piim(x3+x4)
∫ x1+x2
x1
dy2e
2pii(m−n)y2
+e2piim(x4−x2)
∫ 1−x4
x1+x2
dy2e
2pii(m−n)y2 + e−2piim(x2+x3)
∫ 1
1−x4
dy2e
2pii(m−n)y2 ].
Summing over n with Poisson resummation formula gives a delta function, which only
has non-vanishing contribution for the first of the 4 terms in the last factor of the
integrand. The delta function also ensure the dependence on initial state mode m
cancels out. The final integral is simply
∫ 1
0
dx1dx2dx3dx4δ(x1+x2+x3+x4−1)x1 = 124 ,
proving the formula (3.2).
An alternative derivation is to use factorization formula
〈O¯J−m,mOJ−n,n〉torus =
1
2
(
J−1∑
J1=1
+∞∑
k=−∞
〈O¯J−m,mOJ1−k,kOJ−J1〉〈O¯J1−k,kO¯J−J1OJ−n,n〉
+
J−1∑
J1=1
〈O¯J−m,mOJ10 OJ−J10 〉〈O¯J10 O¯J−J10 OJ−n,n〉) (3.4)
We can perform the calculations using the integral form of the vertex (2.3) and sum
over final states. Again using Poisson resummation formula, we derive the formula
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(3.2). Here the second term in (3.4) vanishes with summing over n, and the contri-
bution comes entirely from only the first term.
The formula (3.2) supports the interpretation of 〈O¯J−m,mOJ−n,n〉torus as a kind of
observable probability amplitude, as the proper normalization to unity is independent
of initial string mode m. It might seem a little strange that unlike usual quantum
mechanics, we do not need to take the norm square of the amplitude. The underlying
reason will become clear later. For now this is not a problem since one can easily show
〈O¯J−m,mOJ−n,n〉torus is already real and non-negative. Furthermore, summing instead
the square of torus two point function over final modes n would be dependent on
initial mode m, and would not give a nice formula like (3.2).
A subtlety here is that this interpretation only works for single string states. For
example, the planar three point amplitude 〈O¯J−m,mOJ10 OJ20 〉 for m 6= 0 seems to be
negative. However, this is not really a problem because they actually vanish in the
BMN limit where J,N →∞, noticing the factor of √J in all three-point functions in
(2.2). Only the (higher genus) two-point functions remains finite in this strict BMN
limit. So we argue that the single string states form a complete Hilbert space by
themselves, and we can regard the multi-strings as virtual states only appearing in
the intermediate steps of a physical process. In this sense an amplitude with external
multi-string states such as the 2 → 2 amplitudes discussed in section 2 are virtual
amplitudes. The virtual amplitudes are still useful because they can make a finite
contribution to the physical two-point amplitudes in a string loop diagram calculation
due to also a large number J ways to split a single string into two strings, as e.g. in
the factorization formula (3.4). In this way, the contributions of general multi-strings
have been already accounted for when we study two-point functions, due to formulas
like (3.4). It would be redundant to include them as part of the physical Hilbert
space.
In quantum mechanics we can multiply the quantum state by a complex phase
factor and do not change the underlying physical quantum state. This seems to pose a
problem for our probability interpretation. For example, if we change the initial state
BMN operator by a minus sign, then the two point function would become negative,
and inconsistent with a probability interpretation. Our strategy here is to first work
with the BMN states, and fix a uniform phase factor for the operators, avoiding the
problem for the moment. Indeed the BMN operators form a preferred natural basis
for physical states. If we deform away from the infinite curvature limit in the pp-wave
background, corresponding to turning on gauge interactions on the field theory side,
the mass degeneracy of string excited states is broken. The BMN operators were
originally proposed to correspond to the string mass eigenstates, and their conformal
dimensions in the planar limit compute the free string mass spectrum [3]. In this
sense the BMN strings are the “on-shell” states which appear as external states in
usual quantum field theory calculations of scattering amplitudes. We argue this basis
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is preferred even in the infinite curvature limit where the string mass spectrum is
degenerate. Of course, the fundamental principle of quantum mechanics implies there
should be complex linear superpositions of BMN states. We will explain later how to
deal with them.
In quantum mechanics, an observer performs measurement with respect to an or-
thogonal basis of states. Here since there appears to be non-trivial overlaps between
BMN strings, one may wonder whether they form an orthogonal basis for measure-
ment. To understand this point, we can compare again with scattering amplitudes in
quantum field theory, where the external states are mass eigenstates of free theory.
The interactions are turned off with the external states propagating asymptotically
away to spacetime infinity. Likewise, we argue here that when a hypothetical observer
measures the external BMN states, the string interactions are turned off. The BMN
operators are certainly orthogonal for zero string coupling g = 0 where we have only
planar contributions, so are consistent for quantum measurement. While in quantum
field theory we put the interaction vertices in the middle of initial and final states
to compute the scattering amplitudes, in our case the BMN strings self interact by
splitting and rejoining when we turn on the string coupling g > 0.
For general higher genus h, the field theory has the (4h−1)!!
2h+1
cyclically different
diagrams [10]. Similar to the genus one case, using the field theory integrals, one can
show the contribution of each diagram summing over all final states is g
2h
(4h)!
. So the
formula is
∞∑
n=−∞
〈O¯J−m,mOJ−n,n〉h =
(4h− 1)!!
(2h+ 1)(4h)!
g2h. (3.5)
This is the coefficient of the series expansion of the all-genus formula for the vacuum
correlator 〈O¯JOJ〉all genera = 2 sinh(g/2)g .
An immediate consequence of the probability interpretation is that 〈O¯J−m,mOJ−n,n〉h
must always be non-negative. This fact can be understood from two perspectives.
From the field theory perspective, we are doing integrals of two oscillator modes along
the string. For example, in the formula for torus integral (3.3), for one oscillator mode
we only need to do the integral for one of the 4 segments, due to cyclicity. We can also
write it in a more complicated but symmetric form that treats both oscillator modes
equally. Then the integrand is positively proportional to the product of two complex
conjugate parts, so is always non-negative. On the other hand, from string theory
perspective, up to 2 scalar modes, the only negative cubic vertex is 〈O¯J−m,mOJ10 OJ20 〉
for m 6= 0. This type of vertex separates two string oscillator modes into two strings,
and must always appears in even numbers in a string diagram of 〈O¯J−m,mOJ−n,n〉h.
Here we need to be a little careful to discuss some special cases since 〈O¯J0,0OJ10 OJ20 〉 is
positive. If both m,n are not zero, or m = n = 0, the negative vertex always appear
in pairs and the string diagram contribution is positive. In the special case one of
m,n is zero and the other is not, some string diagram contributions can be negative,
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but the overall contribution actually vanishes e.g. 〈O¯J−m,mOJ0,0〉h = 0 for m 6= 0, and
is still of course consistent with a probability interpretation.
In the field theory computations, we see that the BMN correlators are secretly
accounting for the norm square in the usual quantum probability in the integrand.
The underlying reason is the close string level matching condition which requires the
two string modes in a BMN operator have opposite sign.
Putting together the results, we can write the total probability pm,n ≥ 0 of prepar-
ing an initial single string state O−m,m, then observing a final single string state O−n,n,
including all string loop contributions, as
pm,n =
g
2 sinh(g/2)
∞∑
h=0
〈O¯J−m,mOJ−n,n〉h. (3.6)
This is properly normalized by the vacuum correlator so that
∑∞
n=−∞ pm,n = 1 for
any initial mode m.
We can now discuss our proposal more precisely in terms of the usual formulation
of quantum mechanics. We denote the orthonormal BMN states of free string theory
by |n〉. Let us assume the transition amplitude between BMN states can be described
by a unitary operator eiHˆ(g), where Hˆ(g) is a Hermitian operator corresponding to the
time integral of Hamiltonian in a usual quantum mechanics system. Here Hˆ(0) = 0 for
free string theory and the operator Hˆ(g) models string interactions at finite coupling
g. Our probability interpretation implies that the matrix element pm,n in (3.6) does
not correspond naively to the usual transition amplitude 〈m|eiHˆ(g)|n〉, but rather
to its norm square |〈m|eiHˆ(g)|n〉|2. This is already strongly supported by the same
normalization relation
∑∞
n=−∞ pm,n =
∑∞
n=−∞ |〈m|eiHˆ(g)|n〉|2 = 1.
In general, a purely real perturbative series is not expected to be unitary. Here
in particular we show that naively taking pm,n in (3.6) as the transition amplitude
〈m|eiHˆ(g)|n〉 would be indeed inconsistent with unitarity. We allow the generous
possibility that the BMN operator OJ−m,m may be normalized by a function fm(g),
depending on both mode number and string coupling. The unitarity condition is then
∞∑
n=−∞
fm(g)
∗fm′(g)|fn(g)|2pm,np∗m′,n = δm,m′ . (3.7)
Consider the simple case m = m′ and g = 0 we deduce |fm(0)| = 1 for any mode m.
Next we consider a non-trivial case m 6= m′ and both non-zero. Expanding for small
g, the leading term of left hand side of (3.7) is of order g2 from two contributions
n = m,m′ in the summation
∞∑
n=−∞
fm(g)
∗fm′(g)|fn(g)|2pm,np∗m′,n
= 2fm(0)
∗fm′(0)〈O¯J−m,mOJ−m′,m′〉torus +O(g3). (3.8)
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This is clearly non-zero, violating unitarity. So we conclude if we believe the free
single-string states form a complete Hilbert space
∑
n |n〉〈n| = 1, the naive proposal
is basically ruled out.
Coming back to the correct proposal, by introducing some real phase angles, we
can write the transition amplitude as
〈m|eiHˆ(g)|n〉 = eiθm,n(g)√pm,n. (3.9)
For g = 0 this is the identity matrix δm,n, so the phase angle θm,m(0) = 0. For m 6= n,
the phase angle θm,n(0) is not determined this way since in this case pm,n already
vanishes for g = 0. Another special case is that for m 6= 0, the matrix elements pm,0
and p0,m vanish for any coupling g, so the phase angles θm,0(g), θ0,m(g) are actually
redundant. The unitarity condition is
+∞∑
n=−∞
ei[θm,n(g)−θm′,n(g)]
√
pm,npm′,n = δm,m′ . (3.10)
For m = m′ this is already satisfied, while the cases of m 6= m′ may provide some
constrains for the phase angles. For the special case where one of m,m′ is zero and
the other is not, the unitary condition (3.10) is automatically satisfied without any
constrain for the phase angles. Again we consider the non-trivial case of m 6= m′
and both non-zero. Expanding the left hand side of (3.10) for small g, we see the
leading order term is now of order g with two contributions also from n = m,m′ in
the summation
+∞∑
n=−∞
ei[θm,n(g)−θm′,n(g)]
√
pm,npm′,n
= [eiθm,m′ (0) + e−iθm′,m(0)]
√
〈O¯J−m,mOJ−m′,m′〉torus +O(g2). (3.11)
Since the torus two-point function is non-zero, we arrive at an interesting relation
imposed by unitarity that θm,m′(0) + θm′,m(0) = pi, up to an integer multiple of 2pi,
for non-zero m 6= m′. So the phase angles can not be trivially all set to zero even
for free string theory, due to the consistency of string interactions. With these extra
phase angles, we see that we are able to preserve the unitarity condition violated by
the naive proposal.
To illustrate the power of unitarity, let us consider an analogous simpler situation
of a Hilbert space of finite dimension D, and count the degrees of freedom. In this case
there are D2 real phase angles, and the unitarity conditions provide D(D−1)
2
complex
equations. So generically, there are D remaining free real parameters. There are
also some freedom of gauge choices. Firstly there is a freedom to rotate the base
states by a phase factor |n〉 → eiθn|n〉, so the phase angles in transition amplitude
(3.9) are shifted θm,n → θm,n + θn − θm. There are D − 1 free parameters for such
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choices since θm,n is unchanged if all θn’s are the same. Secondly, the overall phase
corresponds to a shift of the operator Hˆ by a real number, which is a zero-point energy,
usually considered physically unobservable without coupling the quantum mechanics
to gravity. So the number of remaining free parameters D exactly equals the total
number of gauge choices. Generically, this feature should remain valid in our case of
infinite dimensional Hilbert space. So we expect that the unitarity conditions (3.10)
can completely determine the phase angles θm,n(g) up to the gauge choices discussed
above, with a discrete number of inequivalent solutions. We note that in our case
since the zero mode decouples from the non-zero modes, there are 2 free choices of
the “zero-point energy”, the phase angle θ0,0(g) and the overall phase for the non-zero
modes 1.
It would be interesting to fully explicitly compute these phase angles θm,n(g) for
general coupling g. In any case, now we can in principle follow the usual rule of
quantum mechanics to compute the transition amplitudes between complex linear
superpositions of BMN states with the equation (3.9). We note that we can not
compute by naively putting linear combinations of BMN operators in the correlators in
(3.6). Of course, this does not violate the fundamental principle of linear superposition
in quantum mechanics, as we now understand that the two point functions in (3.6) do
not directly correspond to the inner product of the underlying quantum system. This
simply means we need to work a little more carefully instead with the right formula
(3.9). Our earlier strategy of fixing a uniform phase for the BMN operators is also
now justified.
In usual quantum mechanics, the diagonalization of the transition amplitude gives
rise to the energy eigenstates. Since here we restrict ourself to free gauge theory with
only string interactions, the BMN states already have completely degenerate mass. So
the eigenstates that diagonalize the transition amplitude (3.9), i.e. eigenstates of the
Hermitian operator Hˆ(g), are probably not the conventional energy eigenstates. It is
interesting to explore the physical interpretations of such eigenstates in the future.
Similar results are also true for BMN operators with more oscillator modes. For
example, the BMN operators with 3 scalar excitation modes and orthonormal at
planar level are
OJ(m1,m2,m3) =
1√
NJ+2J
J∑
l1,l2=0
e
2piim2l1
J e
2piim3l2
J Tr(φ1Z l1φ2Z l2−l1φ3ZJ−l2), (3.12)
where the 3 scalar modes satisfy the close string level matching condition m1 +m2 +
m3 = 0. The factorization formula was studied in our previous paper [14]. We can
1For free string theory we have already made such choices by setting Hˆ(0) = 0. We can now
further simply choose θ0,0(g) = 0 for any string coupling g, and focus on the non-trivial non-zero
modes. A simple example of fixing all gauge choices for the non-zero mode block is to choose
θ1,m(g) = 0 for all m’s and any coupling g.
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show similarly the sum over final states is independent of the initial state modes
∞∑
n1+n2+n3=0
〈O¯J(m1,m2,m3)OJ(n1,n2,n3)〉torus =
g2
24
. (3.13)
We also check 〈O¯J(m1,m2,m3)OJ(n1,n2,n3)〉torus ≥ 0 is always true including various degen-
erate cases, consistent with the physical probability interpretation.
Recently Erbin, Maldacena and Skliros consider the two-point string amplitudes,
and show that they are not as trivial as previously thought [7]. These authors con-
sider the conventional flat space, while we consider the infinitely curved pp-wave
background. Despite the different settings, we see the development as another sup-
porting evidence that the higher genus two point amplitudes discussed here should
have much relevant physical interpretations.
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